We prove the existence of weakly stable bundles on a curve on certain rational surfaces defined over a finite field. As an application, we give certain bounds of the parameters of the AG codes constructed from these bundles.
Introduction
Let F q be the finite field with q elements and let X be a projective variety defined over F q , which is smooth and geometrically irreducible. Let P = {P 1 , P 2 , . . . , P n } be a set of distinct F q -rational points of X. Let L be a line bundle on X defined over F q . The algebraic-geometric(AG) code is defined to be the image of the evaluation map
f → (f (P 1 ), f (P 2 ), . . . , f (P n ))
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Recently, several constructions of the AG codes from vector bundles of higher rank have been proposed.
The first example is the scroll codes, which is obtained by taking X = P(E), the projective bundle associated to a vector bundle E on a curve in the above construction.
In [2] , [10] , the minimum distances of the scroll codes have been studied and in [5] , [7] higher weights have been investigated. The second example is the code introduced by Savin by evaluating sections of a vector bundle at finite number of rational points. It turned out that the problem of determining the parameters of these codes defined by vector bundles is related to certain stability properties. It has been shown that we may give lower bounds for the minimum distance using weakly stable bundles( [11] , [13] ). One way to construct weakly stable bundles is restricting a stable bundle on a variety containing the curve. Exploiting a theorem of Langer, we proved in [12] that a stable bundle on a smooth projective surface restricts to a weakly stable bundle on curves of sufficiently large degree. The restriction theorem, together with the existence result of stable bundles on the projective plane P 2 , allows us to construct AG codes of Savin type from vector bundles on plane curves.
In this paper we discuss the existence of weakly stable bundles on curves on certain rational surfaces and its application to the construction of AG codes.
In Section 2 we prove a restriction theorem for rank two bundles on a surface, which is an improvement of the result obtained in [12] . The proof of this result is based on a theorem of Hein([4] ).
We consider in Section 3 the existence of stable bundles on Hirzebruch surfaces and del-Pezzo surfaces defined over finite fields using the extension method. Although the existence of stable bundles has been extensively studied in the case of algebraically closed fields, very few results are known over finite fields. It would be interesting to consider the existence problem for more general surfaces.
Section 4 is devoted to the study of AG codes from vector bundles. Our improved restriction theorem allows us to estimate the parameters of the scroll codes on curves on rational surfaces. We also construct AG codes of Savin type on curves in P 1 × P 1 .
Weakly Stable Bundles via Restriction
In this section we prove a restriction theorem for stable bundles on surfaces. For properties of vector bundles on surfaces, we refer the reader to [6] .
Let k be an algebraically closed field of characteristic p > 0. Let X be a smooth and irreducible projective curve defined over k and let E be a vector bundle of rank r on X. The slope of E is defined by
For a rational number α, E is said to be weakly stable of type α if, for any sub-line bundle L ⊂ E, we have
We recall the method of constructing weakly stable bundles of type α via restriction of stable bundles on a surface as discussed in [12] . Let S be a smooth, irreducible projective surface defined over k. A polarized surface is a pair (S, H) of smooth, irreducible projective surface S and a very ample line bundle H on it.
For any line bundles L, M on S, let L · M denote their intersection number. Let E be a torsion-free sheaf of rank r and the i-th Chern classes c i (E) = c i on S. The discriminant ∆(E) of E is defined by
For an ample line bundle H on S, the H-slope of E is defined by
If X ⊂ S is a smooth irreducible curve and E is a vector bundle on S, the restriction E |X to X is a vector bundle of rank r and degree c 1 (E) · X on X. A torsion-free sheaf E of rank r on S is said to be H-stable if, for any coherent subsheaf F ⊂ E with 0 < rkF < r, we have
We are interested in the problem whether an H-stable bundle E on S restricts to a weakly stable bundle E |X on X ⊂ S.
We choose a nef divisor A on S such that T S (A) is globally generated and let β r be the number defined by
Using the restriction theorem of 
Then, for any smooth irreducible curve X ∈ |lH|, the restriction E |X of E to X is a vector bundle which is weakly stable of type α.
We shall show that a stronger restriction theorem holds for rank two bundles. We define the minimal H-degree a is defined as follows.
Following [4] , we define the number β by
Here we set [x] + = max{x, 0}. Let X ⊂ S a smooth irreducible curve. Let E be a rank two bundle on S. If there exists a surjection E |X → T to a line bundle T on X. Then the kernel G of the composite map E → E |X → T is locally free and said to be the elementary transformation of E along T . Then G fits in the exact sequence
Lemma 2.2. Let S be a smooth and irreducible projective surface defined over k and let E be a rank two bundle on S. Let X ⊂ S be a smooth irreducible curve and let T be a line bundle of degree γ on X. Assume that
Let G denote the elementary transformation of E along T . Then there exists a sub-line bundle A ⊂ G with the following property: for any ample line bundle
Proof.
By assumption on l, we have ∆(G) < β. Hence Corollary 2.6 of [4] implies that G is Bogomolov unstable, that is, there exists a line bundle A such that G can be written as an extension 
On the other hand, by the Hodge index theorem, we have (
The following is a slight modification of a theorem of Hein([4] ).
Theorem 2.3. Let (S, H) be a polarized surface defined over k. Let E be an H-stable vector bundle of rank two on S. Let α < 0 be a rational number and let l be an integer with
Then, for any smooth irreducible curve X ∈ |lH|, the restriction E |X of E to X is weakly stable of type α.
Proof. Assume that there exists a smooth and irreducible curve X ∈ |lH| such that E |X is not weakly stable of type α. Then, there exists a sub-line
Let G denote the elementary transformation of E along T . By the lemma above, there exists a sub-line bundle A ⊂ G such that B = 2A − c 1 (G) − lH satisfies the inequality
By the assumption on l, we obtain B · H > −a. Hence we have B · H ≥ 0, otherwise we would have −B ·H < a which contradicts the definition of a. Thus we see that A is a subsheaf of E satisfying A · H ≥ µ H (E) which is impossible. This completes the proof.
Remark 2.4. If we set r = 2 in Proposition 2.1, we obtain the bound
The right-hand side grows like O(−α) as α goes to −∞ while Theorem 2.3 above gives a better bound of order O( √ −α).
Existence of Stable Bundles on Rational Surfaces
In this section we prove the existence of weakly stable bundles on curves in certain rational surface defined over finite fields. Let X be a smooth and geometrically irreducible projective curve defined over F q and E a vector bundle on X defined over F q . Let X = X × F q and let E be the base change of E to X, where F q denotes the algebraic closure of F q . We say that E is weakly stable or weakly stable of type α if so is E. Similarly, if (S, H) is a pair of a smooth, geometrically irreducible projective surface and a very ample line bundle on it defined over F q , then we say that (S, H) is a polarized surface if so is (S, H). A vector bundle E on S is said to be H-stable if E is H-stable.
For a nonnegative integer n, let S = F n be a Hirzebruch surface defined over F q . That is, F n is the projective bundle P(E) associated to the rank two bundle E = O P 1 ⊕ O P 1 (−n) over P 1 . Let Σ = O(1) denote the tautological line bundle on S and let f denote the class of a fiber over a F q -rational point of P 1 . The canonical bundle of S is given by K S = −2Σ − (n + 2)f . A line bundle H = Σ + mf is a very ample if and only if m > n which we fix in what follows.
Next we consider del-Pezzo surfaces. Assume that q > 3. Let P 1 , P 2 , . . . , P m be m (0 ≤ m ≤ 6) distinct F q -rational points of P 2 and let π : S → P 2 denote the blow-up at these points. Let E i be the exceptional divisor over P i and let O P 2 (1) be the hyperplane bundle on P 2 . We assume that P i are in general position, that is, no three of them are colinear and no six of them are contained in a quadric. Then the canonical bundle of S is given by Proof. Assume that S is a Hirzebruch surface. For any c > 0, we have #S(F q c ) = (q c + 1) 2 = q 2c + 2q c + 1. Hence there exists a point P ∈ (S(F q c ) \ ∪ j<c S(F q j ). Let F : F n → F n denote the Frobenius map and put Z := P + F (P ) + F 2 (P ) + · · · + F c−1 (P ). By construction, Z consists of c distinct points and is defined over F q since Z is invariant under F . Similarly, in the case of del-Pezzo surface S, for any c > 0, we have #S(F q c ) = q 2c + 2(q c + 1) − m. Hence we can proceed as before.
If (S, H) be a Hirzebruch surface or a del-Pezzo surface as above, then we have a = 1. Indeed, the line bundles L = Σ + (1 + n − m)f and L = E i are Hminimal since L · H = 1. In what follows we fix these H-minimal line bundles. Further, we have β = 0 since K S · H < 0 in both cases.
We have the following result concerning the existence of H-stable bundles on these rational surfaces. Proof. We prove the claim by induction on r. By Lemma 3.1, for any c ≥ 1, we may choose a 0-dimensional subscheme Z of length c defined over F q such that the support consists of c distinct points. Then the ideal sheaf I Z is defined over F q and c 2 (I Z ) = c. Since we have |L + K S | = ∅, by Serre correspondence([11, Lemma 3.2]), there exists a rank two bundle E 2,c which fits in a non-split extension
Then E 2,c is defined over F q and h 0 (E 2,c ) ≥ 1. Since L is H-minimal, E is H-stable by [9, Lemma 1.4] . By the exact sequence
The bundle E r,c is H-stable as before. Considering the induced cohomology sequence, we obtain h 0 (E r,c ) = h 0 (E r−1,c ) + 1 ≥ r − 1 and dim Ext
Hence the claim is true for r. This completes the proof. By Theorem 2.3 and Proposition 3.2, we obtain the following Proposition 3.3. Let (S, H) be a Hirzebruch surface or a del-Pezzo surface defined over F q . Let H) is a Hirzebruch surface and let H) is a del-Pezzo surface. Let X ∈ |lH| be a smooth and geometrically irreducible curve defined over F q . If l > l 0 , then there exists a rank two bundle E on X of degree l which is weakly stable of type α.
Proof. Let E := E 2,2 in Proposition 3.2. Then ∆( E) = 2m − n + 6 if (S, H) is a Hirzebruch surface(resp. ∆( E) = 9 if (S, H) is a del-Pezzo surface). By Theorem 2.3, E := E |X for X ∈ |lH| for l > l 0 is the desired bundle.
Application to AG Codes
In this section we consider the two types of AG codes defined from vector bundles defined over F q where q = p m for a prime p.
Let X be a projective curve defined over F q , which is smooth and geometrically irreducible. For a vector bundle E on X defined over F q , let π : Y := P(E) → X denote the associated projective bundle. Let P = {P 1 , P 2 , . . . , P n } be a set of distinct F q -rational points of Y . For a point P i ∈ P, let κ(P i ) denote the residue field at
is defined to be the image of the evaluation map
We simply write C(Y, L) if P = Y (F q ). For any rank two bundle E on X, let L max be a maximal sub-line bundle of E, that is, L max = max L⊂E deg L where L runs through all sub-line bundles of E. First, we define the Segre invariant s 1 (E) of E as the following integer:
We also recall the invariant e as defined in [3, Ch.V]. A rank two bundle E is said to be normalized if H 0 (E) = 0 and, for all line bundle M with deg M < 0, we have H 0 (E(M )) = 0. Then we define e(E) = − deg E for such E.
Lemma 4.1. Let E be a rank two bundle which is weakly stable of type α < 0 and let E norm := E ⊗ L ∨ max for a maximal sub-line bundle L max . Then we have e(E norm ) ≤ 2α and µ(E norm ) ≥ −α.
Proof. If E is weakly stable of type α, then we have deg L max ≤ µ(E) + α and hence α ≥
2 . On the other hand, we see that E norm is normalized. Indeed, the injection L max ֒→ E yields a non-trivial section of E norm . Let M be a line bundle with deg M < 0, then we have H 0 (E norm (M )) = 0. For, otherwise we would have a non-trivial map L max ⊗ M ∨ → E, which contradicts the definition of L max . Since e(E norm ) = − deg E norm = −s 1 (E), the claim follows.
We have the following result for the parameters of scroll codes obtained from rank two vector bundles on rational surfaces. We notice that similar results have been obtained by Ballico in the case of plane curves( [1] ). 
Then there exists a ruled surface π :
Here O Y (1) denotes the tautological line bundle on Y and f the class of a π-fiber.
Proof. Under the assumptions, there exists a rank two bundle E which is weakly stable bundle of type α on X. Let Y = P(E norm ). By [10, Theorem 3.1], we obtain estimates for the parameters of the AG codes defined by the line bundle L on Y . Remark 4.3. By the adjunction formula, for any smooth curve X ∈ |lH|, g(X) can be computed as follows.
g(X) = (lH + K S ) · lH 2 + 1.
Further, the Hasse-Weil theorem yields #X(F q ) ≥ q + 1 − 2g(X) √ q. Next we consider the AG codes of Savin type. Let X be a projective curve defined over F q , which is smooth and geometrically irreducible. Let E be a vector bundle of rank r on X defined over F q . For a set P = {P 1 , P 2 , . . . , P n }of distinct F q -rational points of X, we fix isomorphisms E P i ∼ = F r q ∼ = F n Q as F qvector spaces where we set Q = q r . Let
n Q s → (s(P 1 ), s(P 2 ), . . . , s(P n )) be the evaluation map. We define the code C(X, P, E) to be the image of ϕ considered as an F Q -vector space. In case P = X(F q ), we write C(X, P, E) = C(X, E). It should be noted that although C(X, P, E) is an F q -subspace of F n Q , it is not an F Q -subspace in general.
The length n of C(X, P, E) is clearly equal to #P and the dimension k is given by the real number k = log q r #C(X, P, E).
Since C(X, P, E) is F q -linear subspace of F n Q , the minimum distance d is given by d = min c =0∈C(X,P,E)
w(c)
where w(c) denotes the weight of c. We have the following bounds for the parameters of C(X, P, E)([11, Proposition 2.3]).
where t * denotes the designed correction capacity
